Résumé. 2014 L'existence de structures incommensurables prouve que contrairement à une idée très répandue, l'ordre cristallin n'est pas toujours l'ordre le plus stable dans la matière solide non quantique. De 
Devil's staircase and order without periodicity in classical condensed matter (*) Abstract . 2014 The existence of incommensurate structures proves that a crystalline ordering is not always the most stable one for non-quantum matter. Some properties of structures which are obtained by minimizing a free energy are investigated in the Frenkel-Kontorova and related models. It is shown that an incommensurate structure can be either quasi-sinusoidal with a phason mode or built out of a sequence of equidistant defects (discommensurations) which are locked to the lattice by the Peierls force. In that situation the variation of the commensurability ratio with physical parameters forms a « complete devil's staircase » with interesting physical consequences. Some general results for all structures which minimize a free energy are given. In addition to the known crystal and incommensurate structures, the existence of a new class of structures which have local order at all scale is predicted. Properties of the new class are described in physical terms and possible applications to certain amorphous or non-stoichiometric compounds are discussed. [2] but there exist also two-dimensional conductors [3] which become periodically modulated at low temperature. In these compounds, the simultaneous occurrence of a static periodic lattice distortion (PLD) and of a static charge density wave (CDW) with the same period is associated with a metal-insulator transition. In one-dimensional conductors, the wave-vector of the PLD-CDW is twice the wavevector of the electron wave-function at the Fermi surface and consequently it can only vary when the number of electrons in the conduction band also varies.
2) The second class is that of insulating compounds such as K2SeO4, S==C(NH2)21
In these compounds the origin of the force which creates the periodic modulation is not precisely known but is certainly due to conflicting interactions between the atoms or molecules and may involve, in many cases, dipolar interactions. In contrast to onedimensional conductors, the wave-vector of the modulation in insulating compounds is not fixed and it generally varies with temperature or pressure.
However, many other compounds, which have been known for a longer time, also exhibit periodic modulations but it is the local magnetization [5] or the concentration of two different kinds of atoms (alloys) which is periodically modulated rather than the atomic displacements [6] . Now [7] . At low temperature, its structure exhibits the two incommensurate periods of the mercury chains superimposed upon the crystal structure of AsF6. Among many examples, we also mention KCP and platinium oxalate [8] [17] .
We can now extend our theory on the FK model to all structural models in one-dimension, the stationary equations of which can be transformed into those of a twist area preserving map [ 18] (let us note that our study gives a rigorous proof of the existence of these chaotic trajectories). We refer the reader to a review paper in which this chaotic behaviour is described [46] .
We have to pick out from among the full set of trajectories generated by T, those which corresponds either to the ground-state or at least to physically metastable states (3) . Fixing the atomic mean distance 1
by (2) is equivalent to fixing the winding number 1/2 a of the trajectory which is its average number of revolution around the cylinder. The simplest case is obtained for 1/2 a rational.
COMMENSURATE GROUND-STATES, DISCOMMEN-
SURATIONS, PEIERLS-NABARRO BARRIER [21] . -Let l = 2 a r be the atomic mean distance between s neighbouring atoms with r and s two irreducible integers. We prove [53] that the ground-state with the boundary conditions (2) is indeed a commensurate ground-state : it satisfies for all n The chain has a unit cell of s atoms with a length 2 ra. The corresponding trajectory in the T map representation is a periodic cycle with period s. Although simple, this result requires a quite non-trivial proof since a priori it-would have been possible with the boundary conditions (2) , that the chain sheared into two phases with different atomic mean distances h and 12. This would happen if a first order transition from l, to 12 existed. In fact, as a consequence of (6) , there is no first order transition in the FK model which is in contradistinction with the early results of several authors [22] .
Condition (6) with (1) In fact, we prove [53] that such a kind of configuration also exists as a minimum energy configuration of model (1) for certain boundary conditions but only for k = + 1. This configuration is called an advanced discommensuration and for k = -1, it is a delayed discommensuration (these are also elementary or topological defects). In standard theories, discommensurations are explicitly found by using, after some approximations, the continuous sine-Gordon equation. In our approach which considers exactly the discreteness of the model, we prove the existence of these defects without calculating them. We also prove [53] The shifted configuration {Ui + s -2 ra } is also a discommensuration on the same commensurate ground-state but which is located at x -2 ra. It has the same energy as {Ui}' As a result, v(x) is periodic with period 2 ra but is generally not a constant. In each period, the absolute minimum of v(x) at xm;n is generally unique and corresponds to the spontaneous location of the discommensuration when x is not fixed. To move this discommensuration by one lattice spacing 2 ra, it is necessary to pass over an energy barrier EB = v(xmax) -V(Xmin) (the PeierlsNabarro barrier noted from here on the PN barrier) where Xmax corresponds to the abscissa of the absolute maximum of v. Let us note that for x = xmax, the energy of the discommensuration being a maximum of v(x), the corresponding configuration { Ui } is also a solution of equation (3) [ 14] or [ 16] ). In the second situation and because of (10), the trajectory which corresponds to the ground-state is never chaotic despite the fact that it is embedded in the chaotic region of the standard map (see Fig. lc in Ref. [14] or [16] ) (4 However, the specific heat can exhibit an anomalous behaviour at low temperature and in one-dimension because of this fact as shown in reference [47] in a model equivalent to (1) Like most transitions, the transition by breaking of analyticity exhibits critical quantities [57] . For example, for h -Åc(l), the rate of decay of the harmonics of the hull function f(x) goes to zero ('), and for A -4 Åc(l) with A &#x3E; A,(l) the coherence lengths (i.e., the size of the defects of the ground-state) (8) diverges while the gap (i.e., the smallest phonon frequency) goes to zero. Recent renormalization approaches [26, 27] [28] (9) . (For the electrons, this transition is not described in this paper but is shown to be the localization of the eigenfunctions (see Refs. [14] and [16] [49] . In agreement with these theoretical predictions, we recently observed numerically this transition [58] .
In another recent paper [29] , the same kind of arguments have been partially developed ( [3] that the wall interaction can oscillate as a function of the distance which could explain first order lock-in transitions but also could introduce more complex structures as we will mention in the last section of this paper. Particularly, in the ANNNI model, the wall interaction is oscillating and it has now been proved by M. Fisher and W. Selke [32] that at low temperature the commensurability ratio does not vary as a devil's staircase but as a « harmless staircase ». These results are in contradistinction to those of Per Bak [33] [4,'35] also exhibits under pressure a lock-in transition at the commensurability ratio -1 which is continuous.
Because of the crystal symmetry in thiourea, the lock-in at 1 is expected to exist in a much smaller interval in temperature and pressure than the lock-in at 9 and 7, (the magnitude of this lock-in should have the sam order as that for the commensurability order s = 16).
Under an electric field, the symmetry of thiourea is raised so that the lock-in at 8 becomes experimentally observable [36] . Let us emphasize now that the behaviour (13) of 1(11) given by (13) A crucial experimental problem in thiourea is to explain the origin of the small global hysteresis which is observed on the variation curve of the commensurability ratio. We believe that it is mostly due to lattice effects and thus that it is an intrinsic effect which would also exist in perfect samples. Indeed, the lock-in transitions which are observed in thiourea at such high order commensurability ratios as -L and ', indicate that the lattice effects are important. Moreover, the periodic modulation in the temperature region where these lock-ins occur, is observed to be quite different from a pure sinus. Consequently, the lattice and the modulation which have comparable periods strongly interact and could produce this global hysteresis.
However, alternative explanations [38] are proposed by a phenomenological coupling of the periodic modulation either to dislocations or to impurities or point defects. From our point of view, we do not believe that the dislocations can play an important role because their size is much larger than the period of the modulation. Their main effect is probably to change locally the period of the modulation but not to lock substantially its phase. Conversely, in the case of quenched point defects, it has been argued by P. Lee and T. Rice [51, 40] that even a small amount of point defect can lock a sliding charge density wave and similarly a periodic modulation. The problem is to know how large is the locking due to isolated impurities compared to the lattice locking which extends coherently and uniformly all over the crystal. But let us point out an important difference between the locking due to the lattice and the locking due to impurities. As we already noted (see also appendix A) the lattice locking depends on A and thus on the temperature. It should appear at a temperature TL smaller than To (TL is in fact a cross-over temperature because the wave-vector varies so that Ac(l) is not well defined) and then should increase when the temperature decreases. In contrast, the locking due to impurities is not expected to be so greatly temperature dependent [50] and should still exist at To.
Otherwise, non-quenched point defects (impurities or vacancies) when they can migrate (which requires a sufficiently high temperature) may produce a significant effect when the period of the modulation varies. (But this effect is not really a locking of the periodic modulation.) The argument is that their concentration in the crystal, which can only vary slowly in time, could be also modulated at the same period as the modulation of the crystal. Thus any change in the period of this modulation should produce a small migration of these point defects which is very slow. Nevertheless, the period of the modulation precedes the point defect migration and should vary much faster. It reaches almost its equilibrium value while a much longer time is necessary for the whole system to reach the real final state. In an experiment, one should observe small memory effects depending on the history of the sample and on the speed at which the temperature or the pressure is varied. In thiourea, such effects could have been observed in very accurate experiments, but they are indeed very small [41] . (By contrast, in barium sodium niobate in which the concentration of point defects due to non-stoichiometry [42] is quite large, this effect is perhaps a much more important one and could explain the giant hysteresis which is observed in this compound.)
In another compound with chemical formula (N-4CH3)4)2ZnC'4, a devil's staircase versus the temperature seems to be observed. It exhibits without pressure more lock-in phases than thiourea and also a global hysteresis. Moreover, in deuterated samples the devil's staircase which is observed is not monotonous which is a possible situation predicted by our theory for certain values of p. It is also interesting to note that in hydrogenated samples the devil's staircase drastically changes and becomes monotonous. This fact should not be surprising because the devil's staircase is the result of a subtle balance between conflicting forces in the compound. Consequently, it is very sensitive to any small perturbation whether it is a small pressure or a change in the deuteration or other kinds of perturbations. This point can be checked for the example given in appendix A, showing the effect on the curve I(À) when a small change of p is made [54] .
By contrast, biphenyl [52] does not exhibit a complete devil's staircase. In this compound, the commensurability ratio is almost constant over large intervals of temperature. Moreover its periodic modulation remains quasi-sinusoidal. This observation can be interpreted in our terminology by assuming that the phenomenological variation of the parameter A is small which implies that the devil's staircase varies very little and stays incomplete. Lattice effects are negligible. In agreement with this assumption a well defined phason mode has been observed [52] 3. In physical terms, the configuration 4: reproduces the same local order at bounded distances because when a local configuration minimizes the energy of the system, the system reproduces the same one as closely as possible, taking into account that the boundary energy between these two local configurations must also be minimized. This property remains true for all local configurations, at all scales, for which the system keeps the memory at an infinite distance. This is a new kind of long range order which is incompatible with randomness. Indeed, in cases of randomness, a given local order is reproduced in probability but the distance at which it is reproduced is random and cannot be bounded.
With this definition, it is obvious that crystal and incommensurate structures are weakly periodic. In that case, the set e* can be shown to be topologically isomorphic to a torus. For incommensurate structures e* turns out to be the superspace which is considered by Janer and Jansen [10] . Is it possible that e* be not a torus ? The answer is yes. The FK model provides such an example for incommensurate structures which are locked and thus without phason. The structure of C* is then a Cantor set (see Fig. 1 In practice, all the trajectories [57] [14] , we obtain the ground-states. The corresponding trajectories shown on figure 1 of this reference [14] cannot be calculated by map techniques. A variation of this method has been recently used successfully for another model in reference [58] .
